We develop a field-quantization scheme on polarizability of light atomic systems to accommodate the increasingly important quantum field effects in atomic precision physics. This scheme is based on long-wavelength QED [1], which technically combines Non-relativistic Quantum Electrodynamics (NRQED) and Power-Zienau transformation (PZ transformation). The effects of external electromagnetic field on light atomic system is widely theoretically investigated by using this scheme. Electric dynamical polarizability, including the relativistic and radiative (QED) corrections are derived in a explicit and unified way. The magnetic dipole contribution and its relativistic corrections are also derived. One new type of effect shows up while the scheme is performed, which is called Coulomb-transversal photon contribution. The possible contribution is discussed. Multipole effects are also briefly explored.
Spectroscopy experiments on hydrogen and helium provide astonishing accuracy for people to study the fundamental of physics, such as testing QED, determination of fine structure constant [2] and nuclear charge radius [3] . The famous proton radius puzzle has stimulated afforts on simple atomic systems. More accurate measurements and precise calculations are what is needed [4] . The helium nuclear charge radii obtained from 2 3 S − 2 3 P transition has a 4σ discrepancy with the value from 2 3 S − 2 1 S [5] . Very recently, experimental accuracy of 2 3 S − 2 1 S transition was significantly improved, but the discrepancy of the obtained radii was strengthened [6] . The 2 3 S − 2 3 P transition of 4 He from different experiments still have notable discrepancy [3, 7] . The blackbody radiation (BBR) shift due to AC Stark effect is one of the main systematic uncertainties for measurement. The dynamical polarizability is one indicator of AC Stark effects. In experiments, one can choose the specific frequencies or wavelengths of external electromagnetic (EM) field to eliminate AC Stark effect, which are called magic wavelength and tune-out wavelength. The former is the chosen external EM field wavelength such that the interested initial and final transition have the same energy shifts [8] . The latter is the wavelength at which polarizability vanishes for certain energy levels [9] . Some calculations on dynamical polarizabilities have been done to give helpful suggestions on magic wavelength or searching candidates on clock systems [10, 11] . At present projected fractional uncertainty 10 −18 of clock systems, the effect of blackbody radiation is also taken into account more essentially [12, 13] .
QED theory of simple atomic system, especially for helium, has been greatly improved in these two decades [14] . It becomes an important cornerstone for theoretical study on bound-state QED of light atomic system. The next-highest-order mα 7 corrections allow the direct extraction of nuclear radii of 4 He, and the massive project has been started [15] . Calculations on polarizabilities focus on magic wavelength and tune-out wavelength of two experimental high accuracy transitions 2 3 S − 2 3 P and 2 1 S − 2 3 S in helium and its isotopes [16] [17] [18] . The very recent calculation has good agreement with experiment on magic wavelength [6, 19] . Especially, the tune-out wavelength would be an interesting target for comparing with experiments, as its sensitivity with tiny energy shift brought by QED effects.
There are works on relativistic and radiative corrections to static polarizability [20, 21] and relativistic corrections to dynamical polarizability [22] on helium. In these works, relativistic corrections were derived by perturbing the already known non-relativistic polarizablility.
The radiative (QED) corrections were derived by second-order electric-field derivative of Bethe-logarithm term ln k 0 . In contrast to the growing importance of relativistic and QED effects in magic and tune-out wavelength calculation, a unified field-quantization scheme to derive dynamical polarizability is still less investigated. Furthermore, the contribution from other kind of effects, like magnetic dipole, electric quadrupole or higher order effects should also be taken into account in near future.
The purpose of this work is to develop a unified scheme to derive polarizabilities of light atoms. The long-wavelenth QED [1] allows a possibility to perform this. In this work, we develop it to the second order effects of external electromagnetic field. Combining NonRelativistic Quantum Electrodynamics (NRQED) and Power-Zienau (PZ) transformation, the dynamical polarizability and its relativistic and radiative corrections are obtained in a unified way. Magnetic polarizability and its relativistic correction are also derived. Meanwhile, we find that, the terms that represent electric-magnetic coupling reveal in this scheme and the possible contribution of this kind of correction are discussed. Also, the multipole effects are also briefly explored. All these corrections are based on a unified scheme.
The paper is organized as follow. We introduce the theoretical method in the next section.
In the third section, to illustrate how it work on dynamical polarizability, we use this scheme to derive non-relativistic expression, and then we give the progress on deriving relativistic and radiative corrections. The explicit analytical expression of Bethe-logarithm-like terms are revealed in the progress. In the end of this section, we discuss and compare our results with other works. In the forth section, we give the derivation of magnetic polarizability and its relativistic correction. In the last section, we consider the Coulomb-transversal photon contribution and higher-order multipole effects. The possible non-zero contribution is discussed. Throughout the paper, Einstein summation convention is adopted, while we don't distinguish the covariant and variant variables, which means x i = x i .
II. THEORY
NRQED is an effective field theory on light atomic systems, which are usually Schrödinger system, that is the momentum of electrons or leptons are usually small. It was firstly introduced by Caswell and Lepage [23] , which is based on effective Lagrangian of non-relativistic field. Another form of this theory was developed by Pachucki, which is based on effective Hamiltonian derived from Foldy-Wouthuysen transformation. The singular point of Green's function is used to determine the energy-shift. This form of approach has been discussed in detail [24, 25] .
For electrons in electromagnetic field, relativistic effects are describe by Dirac Hamiltonian
In the second order effects calculation, considering the relativistic effect, the energy shift is written as
where J is the electromagnetic current operator which describes electromagnetic interac- [26] to make a physical interpretation on Dirac particle by a sort of representation transformation. Due to the coincidence with particle mechanics, it is suitable for describing Schrödinger systems.
The transformation is defined as
which is unitary and S is the transformation operator. Usually S is not unique. One can use the simplest form
or some more complicated forms [24, 27] , such as
The complicated form would bring some conveniences in higher-order calculation. However, the FW Hamiltonian should be equivalent at any order. By doing this, we can express the relativistic effect as some kind of expansion suitable for non-relativistic systems. Here we give the FW Hamiltonian to the order of mα 6 , α is the fine-structure constant,
Here π = p − e A, and the vector potential A represents electromagnetic interactions of electron. The FW transformation allows us to get the non-relativistic approximation for the current operator J .
Also, the non-relativistic expansion is applied on relativistic wave-function and Green's function
H 0 is Schrödinger-Coulomb Hamiltonian for atomic system, |φ 0 is the eigenstate of H 0 , we have e i k· x ∼ 1 in the leading order.
With the FW transformation and non-relativistic expansion introduced, one can properly describe the relativistic and quantum-field effects on non-relativistic system. However, note the vector potential A in Dirac Hamiltonian. When external EM field exists, vector A includes both interactions from atom within itself and the external field. This would lead some difficulties on radiative calculation in external-field-case. In usual cases, the external field satisfies the long-wavelength condition. That is, the wavelength of external photon is much larger than the Bohr radius. Then we can redefine the vector potential as A = A at + A ex , where A at is the field from within the atom, A ex is the external field. The scalar potential
ex is redefined as well. With this distinction, letting Π = p − e( A at + A ex ), we can replace the π to Π in FW Hamiltonian.
In order to distinguish the different effects of the two fields and to reflect the contribution of multipole moments, we once again carry out another unitary transformation on FW defined as
the phase φ is defined
Under the long-wavelength condition, vector potential of external field can be expanded as multipole form
Substituting (10) to (9), we have
and
where
.
Considering the leading-order of relativistic corrections, we use the FW Hamiltonian up to mα 4 contribution
Then perform the transformation
The transformed Hamiltonian is given
where E ex , B ex represent external electric and magnetic field, π = p − e A at . Here we already
This H P Z can be arranged and categorized into different type of interactions, written as
H at represents the interactions from within the atom, H E is interactions from external electric field, H M is interactions from external magnetic field, H EM is an effect of external electric and magnetic field coupling. The details of these Hamiltonian are given
With these Hamiltonian, interaction vertices can be created and we can discuss effects brought by the external EM field more explicitly. For example, the polarizability of atom is from the second order effects of external electric field, which is attribute to only H E .
And the magnetic permeability is only attribute to H M . When we talk about radiative corrections of the atom, the effects of virtual photon are only from the atomic Hamiltonian H at . Remember that the calculation is performed under long-wavelength condition, that indicates length gauge in external field interaction. Meanwhile, the interaction from virtual photon is described in velocity gauge.
III. DYNAMICAL POLARIZABILITY
The atomic dynamical polarizability is an indicator of AC stark effect due to electric dipole contribution. Energy level of atoms in external electric field will be shifted. According to the perturbation theory, seeing the external field as a small variable, the energy shift is
where E ex is electric field strength and α ij is polarizability by definition. Therefore, one can extract polarizability from energy shift. However, the conditions of external field are not united, such as the differences between linearly polarized light and non-linearly polarized light. Usually we decompose the polarizability into symmetric-trace part, anti-symmetric part and symmetric-no-trace part,
where α S is called scalar polarizability, α k V called vector polarizability and α ij T called tensor polarizability.
A. Non-Relativistic Dynamical Polarizability
The external electric Hamiltonian we already have
The first term in the first square brace stands for electric dipole interaction. Then the electric dipole contribution is
where the Green's function G 0 (±ω) = 1/(E 0 − H 0 ± ω) and symmetrized result is given
of non-relativistic dynamical polarizability operator
By the symmetrized form we introduced in Eq. (20) (21), it is not hard to extract the scaler, vector and tensor operatorŝ
The superscript i, j in curly braces means commutative symmetry, that is
) and ǫ ijk is Levi-Civita tensor.
B. Leading-Order of Relativistic Corrections
The second term of electric Hamiltonian H E , −i 8m 2 σ · π, σ · E ex represents the leading relativistic contribution of external electric field.
The leading relativistic contribution is given
where we have made the first order expansion of Green's function to be
Because we consider the leading-order, we have σ · π, σ · E ex ≃ σ · p, σ · E ex . We can see that the last four lines, which represent propagation process between electric dipole interaction and leading relativistic interaction, only has anti-symmetric part, i.e. vector part.
The symmetrized polarizability operators are given
where H R is the multi-particle Breit-Pauli Hamiltonian [29, 30] 
In order to explain this scheme clearly, we take the hydrogen-like atom as example. By perturbing the non-relativistic correction we already get, the radiative corrections can be derived. The non-relativistic energy correction and polarizability for hydrogen-like atom are not significantly different from what we have shown previously in light atom systems. We write them down for later use
andα
The radiative corrections consist of the high-energy part (| k| > K ∼ mα) and the low-energy part (| k| < K), according to the momentum of virtual photon [31] . K is momentum cut-off factor, which should be cancelled in the summation of high-energy and low-energy parts.
The contribution of high energy virtual photon can be induced by using the QED perturbative Hamiltonian Eq. (35) and the corresponding energy shift is
where G
(1)
±ω). QED perturbative Hamiltonian for hydrogen-like atom is
where V (r) is the Coulomb potential between electron and nuclear.
We derive the low-energy part by inserting irreducible interaction operators Σ into nonrelativistic corrections. The effective operator of leading-order radiative correction (low-energy) is
where we could understand the irreducible interaction operators Σ operators as different types corrections involving virtual-photon-loop. Σ 0 means self-energy virtual photon loop, Σ 1 is one vertex correction, while Σ 2 is two vertices correction. They are given in different explicit forms
where the E ξ , E η and E ζ represent the energy in different propagation stages. They have different explicit values such as E 0 , E 0 + ω and E 0 − ω. However, we do not intend to use special notations to mark these different cases, in case the expression appears too bloated.
One need to pay attention to the specific values of these energies with special subscripts in different propagation processes. The reduced notations are used d
is the photon propagator in Coulomb gauge, ω ′ means the energy of virtual photon. The integral K means we set a energy upper bound K to low-energy virtual photon. The interaction vertices of virtual photon is contributed by H at .
These integrals have ultraviolet divergence when the virtual photon momentum is approaching infinity, except Σ 2 . The linear divergence of Σ 0 can be eliminated by subtracting mass counter-terms
, as we shown in the parenthesis, while the rest ultraviolet divergence should cancel out with the infrared divergence from high-energy contribution (terms containing K). The divergent operators Σ 0 and Σ 1 can be written as the sum of Σ ln K and Σ, whereΣ represents finite terms that don't contain the cut-off factor K. Here we list the results after integration of Σ ln K n ,Σ n (n = 0, 1) and Σ 2
We have used a compact notations 
The notationH QED means the remainder after cancelling out the terms that contains K in H QED . And similarly,G
QED means the terms doesn't contain K in G
QED . The Bethe-logarithm correction which is usually noted as ln k 0 shows up in low-energy calculation, corresponding to the operatorΣ 0 . The other kind of operators,Σ 1 and Σ 2 , contribute other logarithm-kind terms. In Ref. [21] , it was mentioned that in the field-dependent case, the second electric-field derivative on Bethe-logarithm is one difficulty on numerical evaluation. The integral representation of ln k 0 was used to complete the calculation, which was written as
The second electric field derivative of J(ω) was given [21]
where the ω actually means the frequency of atomic field, which corresponds our ω ′ . Because of static field considered, the frequency of external field considered to be zero, then the
were used, instead of G 0 (ω). Except these differences, the formulas (43) and (44) are consistent with our calculations of the low-energy parts. However, here we give a detailed expression in the first principle. In our calculation, the cases that Bethe-logarithm is independent with electric-field or not are considered in a unified scheme. Additionally, the higher-order of relativistic interaction vertices are able to obtain and shown in Appendix B.
D. Static Limit
By applying static limit (ω → 0), we can compare our relativistic correction to the known result of static polarizability [20] .
The relativistic corrections of dynamical polarizability is given in Eq. (28)(29)(30). In our scheme, making the external electric field to be real-valued, the energy shift under zero ω is written
For the static field, the energy shift has the relation that
We have
The extracted polarizability is
where the minus sign is conventional and should not affect the result. This expression is the same as Eq. (3) in Ref. [20] . The relativistic corrections (ω dependent) is shown in Eq.
(27), again, we write it down
The corrections from −i 8m 2 σ · π, σ · E ex (the last four lines) would vanish under static limit, and the first two lines reserve. Note that the two terms in the second line become equal under static limit, therefore a 1/2 should be multiplied. Replacing δH E,N R into δH d and making external field E to be real-valued, the result is given
This is equivalent with the relativistic expression in Ref. [20] . This validates the rationality of this scheme on some level. Additionally, the last four lines in Eq. (27) result from relativistic effect in dynamical electric field, which contribute to the relativistic dynamical polarizability uniquely. This contribution is still less investigated.
IV. MAGNETIC POLARIZABILITY
When it comes to the effect of an external magnetic field on an atomic system, the Zeeman effect is well known, which is the first effect of external magnetic field. The relativistic and radiative corrections to Zeeman effect was studied in Ref. [1] . Here we would like to give a description for the second order effects of external magnetic field, which is called magnetic polarizability or magnetic permeability. We conventionally choose the magnetic polarizability to name the effect. Hamiltonian H M we derived in the second section describes the magnetic dipole interactions from external field, in long-wave situation,
Usually, magnetic dipole effect has α lower contribution than electric dipole effect. Then the second order effect has α 2 lower contribution. To consider this effect to leading order of relativistic correction, we should make some trade-off to H M . The reserved Hamiltonian is given
This Hamiltonian includes single-photon and double-photon interaction.
A. Non-Relativistic Magnetic Polarizability
According to the Hamiltonian Eq. (50), non-relativistic interaction is described by
where the first term describes single-photon interaction and the second is double-photon interaction. Energy shift lead by this interaction is given
Imitating the way we promoted in electric dipole calculation, we symmetrize this expression.
Here we only divide it into symmetric and anti-symmetric parts rather than scalar, vector and tensor parts. By doing this, it is found that the double-photon interaction has only symmetric part,
The superscript subscript S, A means symmetry and anti-symmetry respectively. By the same perturbation method, the second order effect from magnetic field could be written down as
The non-relativistic magnetic polarizability then is extracted,
The second term in β S,ij N R has zero contribution because of r = 0.
B. Relativistic Corrections to Magnetic Polarizability
The leading relativistic magnetic Hamiltonian is
which contains kinetic correction of non-relativistic interaction, atomic-magnetic coupling field and double-photon correction of magnetic-angular momentum interaction. The energy shift is tedious to write down, therefore we would like to show the extracted magnetic
We have use the current-modification operator J and perturbed Green's function G (1) to shorten the expression, where
and the Hamiltonian H R and its expectation value E R are the same with Eq.(31).
V. OTHER TYPES OF CORRECTIONS
Other types of corrections can also be obtained by our scheme. Recall the Hamiltonians we obtained in the second section, in which, we show a external electric-magnetic coupling interaction, or Coulomb-transversal photon vertex. And multipole interactions have been indicated in the PZ transformed vector potential, as we showed in Eq. (12) and Eq. (16).
The magnetic multipole has been shown in Appendix A. In this section, we first discuss the external electric-magnetic coupling or Coulomb-transversal photon contribution and consider the leading order of relativistic corrections. Then we briefly discuss some types of multipole corrections.
A. Coulomb-Transversal Photon Contribution
Considering that we have separated the electrical interaction from the magnetic interaction, we can naturally consider the interaction between the electric dipole and the magnetic dipole. The double-photon interaction is from H EM , which is given as
B ex · L + σ and the double-photon interaction H EM , we could write down the non-relativistic contribution of this coupling field,
Without extracting the polarizability, we can see that the contribution of the first two lines are zero, because the parity of electric dipole and magnetic dipole are opposite. The last line is simplified as
This contributes zero because of r = 0 for non-relativistic external states.
Now we consider higher order corrections to find out if there are non-zero contribution.
The leading relativistic correction of electric dipole is given by the relativistic electric-dipole interaction combining non-relativistic magnetic dipole interaction, and relativistic magnetic dipole combining non-relativistic interaction, shown as
This higher-order correction contributes zero too. Because the electric vertices and magnetic vertices are always parity-opposite, while the Hamiltonian H 0 in propagator conserves parity.
There is no way for the middle states to break parity conservation, no matter how many they are. Therefore, this kind of effect should have no contribution in polarizabilities. However, if there are some non-perturbative progresses which break parity symmetry and can be absorbed by H 0 , this coupling effect may have non-zero contribution.
B. Multipole Contribution
In principle, the multipole interactions of arbitrary order can be extracted from our scheme. Electric multipole contribution is indicated by Eq. (10) and magnetic multipole interaction can be seen in Appendix A. We would not consider magnetic multipole interactions as their higher order of magnitude. As examples, we give the energy shift of electric dipole-quadrupole, electric dipole-octupole and electric quadrupole-magnetic dipole corrections.
The electric dipole-quadrupole correction is given
This contributes zero, because the electric dipole interaction and electric quadrupole have opposite parity, the electric dipole interaction r i E i ex has odd parity, while electric quadrupole interaction r i r j ∇ j E i has even parity.
Electric dipole interaction and octupole interaction have the same parity. This correction may not be zero. The electric dipole-octupole correction is given
Similarly, electric quadrupole and magnetic dipole interaction has the same parity. The correction is given
VI. SUMMARY
In this paper, we develop the long-wavelength QED to describe the second order of electromagnetic effects on light atomic system in external EM field. FW transformation is used to perform the non-relativistic approximation of light atom systems. By applying Power-Zienau transformation, under the long-wave condition, the interaction from external EM field is distinguished with the interaction from within the atom. We can see that the successive transformed Dirac Hamiltonian-FW transformation and PZ transformation-can properly describe the interaction between atoms and long-wavelength field. It includes not only the effect of the external field on the atom, but also the relativistic effect inside the atom and the coupling between the two. The effects of electric and magnetic fields can be clearly separated, and their multipole contributions will also show up in the transformation process. This allows us to consider not only the polarizability but also the hyperpolarizability in a unified scheme. Our procedures are somewhat different from those in the reference [1] .
In Ref. [1] , the FW Hamiltonian is first used to construct non-relativistic interactions of atoms, that is, the Hamiltonian of quantum mechanics, which could directly used in matrix element calculation. Then the PZ transformation was applied to describe the effects brought by external field. In our procedure, we first apply PZ transformation on FW Hamiltonian, then construct the interactions from the PZ Hamiltonian. That is, this PZ Hamiltonian is a Hamiltonian density in quantum field theory. However, these two procedure should be equivalent in non-relativistic quantum field theory.
As the examples, we first reproduce the dynamical polarizability of electric dipole by this scheme, which is the most concerned in precise physics today. Beginning from the nonrelativistic dynamical polarizability, we show way that the scalar, vector and tensor form of polarizability extracting from energy shift. The electric dipole interaction constructed by PZ transformation is used. Then the we give the progress of getting leading relativistic corrections. We see that the relativistic effect of polarizability is a coupling between covariant momentum of electron and external electric field. The order of relativistic corrections depends on the order of magnitude we reserve in FW Hamiltonian.
In the calculation of radiative corrections, taking hydrogen-like system as example, we treat the corrections as high-energy part and low-energy part. By this treatment, a cut-off factor K is induced to deal with the ultraviolet divergence caused by virtual photon loop.
We also point out the similarities and differences in our own work and in specified reference.
Higher-order of relativistic interaction vertices is able to obtain by the scheme we introduced.
Since there is no detailed theoretical expression in literature, our paper is at least a useful theoretical illustration of the current method on relativistic and radiative corrections on electric dipole dynamical polarizabilities. At the same time, the static limit of this method is also given, and the relativistic correction of the static polarizability is derived to compare with the known results and testify this scheme on electric polarizability.
Magnetic dipole polarizability are derived based on the detail we introduce in Appendix A. The multipole are briefly introduced too. There is no special difficulties to consider the magnetic multipole interactions. We also show the leading relativistic corrections to magnetic dipole polarizability, in order to give a relatively complete example.
A special interaction called Coulomb-transversal photon contribution should be noticed if we apply the FW transformation and PZ transformation on Dirac Hamiltonian. This is an effect that arises naturally when we apply this scheme. We discuss this effect in the last section. However, in the Coulomb frame we consider, this effect contributes zero as the parity non-conservative. Nevertheless, we cannot rule out that some nonperturbative processes leading to parity violation make a corresponding contribution to this effect. Finally, we briefly discuss the electric multipole contribution and its interaction with the magnetic dipole moment.
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and the FW Hamiltonian is given in Eq. (13)
where Π = p − e( A at + A ex ) = π − e A ex . A at is the EM field from within atom and A ex is the external EM field. The result of eA 0 ex + ∂ t φ we've already shown in Eq. (12) . In this transformation, e −iφ Πe iφ is the main task for our calculation.
Firstly we write down
in which we expand the exponential terms and reserve the first order of φ. In commutation square bracket, we make momentum as an operatorp = −i∇. The Eq. (A1) becomes e −iφ Πe iφ = p − e A at + (∇φ) − e A ex ,
where ( 
where the subscript m is 3-dimensional spatial index, n is a natural number. The notation (r n : ∇ n ) means an arrangement that n-number r and n-number ∇ . This is a general formula for magnetic multipole interaction in Hamiltonian. Therefore, transformed Π is given e −iφ Πe iφ = π + e r 
In our discussion only the contribution of the magnetic dipole moment is considered because the order of magnitude of the magnetic interaction is higher than that of the electrical interaction.
Appendix B: Note on Radiative Calculation
As we mentioned, the virtual photon interaction is contributed by the atomic Hamiltonian, see Eq. (15), written again 
Actually, if we only consider the EM field within the atom, this is exactly the FW Hamiltonian. The non-relativistic approximated interaction vertices can be constructed by this
Hamiltonian, where we list some of them in the Table I . Recall the Σ operators in Eq. (37), which contain the interaction vertices p i /m. In our calculation, this single-photon nonrelativistic interaction vertex is noted as v i N R1 in the Table I . The higher order of relativistic vertices are also listed, though in our concern we don't use them.
Next we show the way of divergence elimination. The energy shift led from radiative correction is divided into high-energy and low-energy part. An artificial factor K is induced to treat the divergence led by virtual-photon-loop. K-dependent terms in low-and highenergy parts should cancel out each other. First we consider the low-energy part. As containing ∇ 2 V (r), it can be easily seen that the low-energy and high-energy divergence cancel out.
